Improved Instrument Misalignment Equations for Image
Navigation and Registration (INR)

Ahmed Aly Kamel

Abstract Improved misalignment equations are presented for instruments with single
scanning mirror and instruments with two scanning mirrors. The improved misalignment
equations are derived using Snell’s law and Householder transformation. The nominal
optical path without misalignments shows that focal plane module reflected image by single
mirror rotates by the north-south angle while it does not rotate for two mirrors. The optical
path with misalignment of focal plane module to scanner mirror and misalignments within
scanner assembly show that the state vector can be represented by six angles for single
mirror instruments and by four angles for two mirror instruments. The state vector most
significant improvement represents the effect of scan mirror axes orthogonality
misalignment angle due to thermal variation and measurement errors. This improvement is
shown to be in the north-south direction and equals to the orthogonality misalignment angle
multiplied by the tangent of the east-west scan angle.

1 Introduction

The purpose of this paper is to improve instrument misalignment equations and the
corresponding hn, matrix in Eq. (18) and sections 3.6 and 5 of Ref. [1]. For single mirror
instruments, section 2 describes the optical path without misalignments and section 3
describes the optical path with misalignments of Focal Plane Module (FPM) to scanner
mirror and misalignments within scanner assembly. Section 4 derives the improved hp,
matrix to replace the hy, matrix in Refs. [1,2] as well as Egs. (5) and (6) in Ref. [3]. Section
5 shows the effect of the improved misalignment equations due to the scan axes
orthogonality angle Oy, can be up to 0.2 Oy, on image navigation and up to 0.3 O, on within
frame registration for instruments like those used in GOES I-M [4] and MTSAT-IR [5].
Section 5 also compares the improved misalignment equations to the Parametric Systematic
Error Correction (ParSEC) equations of Refs. [6,7]. Sections 6 and 7 derive the misalignment
equations for two mirror instruments and compare it to the improved single mirror
misalignment equations.
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1.1 Reference Frames Definitions

The following reference frames from Ref. [1] are relevant to the discussion in this paper.
LOS Reference Frame (LRF)

This frame represents nominal Line of Sight (LOS) vector components. It is attached to
the ideal instrument nadir position with no misalignments. The scan angles (Ergrr, Nirr) are
positive East and North, where Nirr is a rotation about Xirr axis and Eigrr is a rotation
about the rotated Y-axis.

Instrument Internal Reference Frame (IIRF)

This frame is misaligned relative to LRF. It is attached near the instrument mounting frame
to spacecraft. The (Enrr, Nurr) are positive East and North, where Nygrr is a rotation about
Xurr axis and Ejgr is a rotation about the rotated Y-axis. Misalignments produced by
thermoelastic deformation and biases prevent IIRF axes to be ideally parallel to LRF axes.
Attitude Control Frame (ACF)

This frame represents spacecraft control system. It is attached to spacecraft center of
gravity. Misalignments produced by thermoelastic deformation and biases prevent ACF axes
to be ideally parallel to the IIRF axes. ACF is rotated relative to IIRF by the (roll, pitch, yaw)
attitude correction angles (dcorrs Ocorrr Weorr)-

2 Single Mirror Optical Path without Misalignments

Although photons travel from Earth and Stars to the FPM detectors, analysis of pointing
errors is simpler if the ray path is assumed to originate at the detector. The simplified Fig. 1
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Fig. 1 Relation of Reflected Optical Path to Incident Optical Path



uses this approach to show the relation of the reflected optical path (represented by unit
vector R) to the incident optical path (represented by the unit vector 1) that emanates from
the center C; of FPM image (FPM)) at the telescope port near the scanner mirror. The (Xirr,
Yirre, Zurr) axes shown in Fig. 1 coordinate system axes are defined in Sect. 1.1
and R can be geometrically visualized using Fig. 2. Note that (Xurr, Yire, Zirr) axes are
the same as (Xirr, Yirr, Zirr) axes when misalignments = 0. Note also that for inverted
instruments (i.e., rotated by 180° around Z-axis), (E, N) are positive (West, South) instead
of (East, North) and, therefore, (E, N) should be replaced by —(E, N) in the final equations
for (E, N) to represent (East, North) angles.

Sin N CosE
E

R = Rp= unit vector along LOS
R components in I[IRF = (Sin E,~ Sin N Cos E, Cos N Cos E)

Definitions:
IIRF = Instrument Internal Reference Frame , (Xygg, Ynres Znrr) = IIRF axes \;\\\
LOS = Line-Of-Sight to a Point Py on Earth z N
FOR = Field Of Regard

Nadir = Intersection of the IIRF Z-axis with Earth surface

(E, N) = (East, North) Nominal LOS Pointing Angles From Nadir

Rs = Synchronous Radius ~ 42164160 m

Re = Earth Radius ~ 6378137 m = 8.7 © in the FOR From Synchronous Orbit
LOS projection on (E, N) plane in FOR = (Sin E, — Sin N Cos E)

Fig. 2 Geometric Visualization of LOS Projection on FOR

2.1 Instrument Gimbal Angles

In Figs. 1 and 3, (e, n) are rotations about (Yygrr, Xurr) axes. The incident unit vector 1 is
nominally along the Xyrr axis and the FPM; is nominally in the (Yurr, Znrr) plane. In this
case, when the scanner mirror is at its home (or nadir) position (i.e., ¢ = n = 0), the reflected
unit vector R is along the Zyrr and the reflected FPMg is in the (Xurr, Yurr) Plane. Fig. 3
shows that the relation of the optical angle E to the mechanical inner gimbal angle e is E =2
e based on Snell’s law. Note that the relation of the optical angle N to the mechanical outer
gimbal angle n is N = n. This is because the outer gimbal axis is parallel to the Xyrr axis.
Therefore, the mirror normal would rotate such that a rotation n about the outer gimbal axis
would only shift LOS by an angle N = n in the north-south direction. To compute the ray
vector from the FPM; to FPMg in Fig. 1, the normal to the scan mirror surface must be known.
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Figure 3 shows that in the scan home (nadir) position, the mirror normal fj, has equal Zrr
and —Xurr components and a zero Yirr component in the IIRF coordinate systems. This
leads to:

o=5[-1 0 1 (M
The unit normal 7 is obtained using the following equation (see Ref. [8], Sect. 12.1):
1 0 0
fi= [0 G — Sn]ﬁe 2
0 S, Cn

Where Cy= Cos X, Sx= Sin x, Tx= Tan x are used throughout this paper.
fie 1s the mirror normal after the scanner inner gimbal angle rotated by angle e and can be

obtained from Eq. (A.4) and Fig. A with (K , B) replaced by (fig,fle):
ﬁe = T,10(:(3 + ae(ae. ﬁo)(l - Ce) + (Ge®ﬁ0) Se (31)

When the mirror is at the nominal nadir position, the inner gimbal axis of rotation G, is
along the Yrr axis and the mirror normal 1), is given by Eq. (1). This leads to:

Ge=[0 1 0]7, Geoflg=0, Ge®fg=[1 0 1" (3.2)
Substituting Egs. (1) and (3.2) in Eq. (3.1) and the resulting equation in Eq. (2), we get:
~ 1 a1 . .
MNe = 7z [_ X. 0 Ye]T7 n= 7z [_Xe HESN A CnYe]T 4.1
Where
Xe = Ce - Se = (1 - SE)l/Z: Ye = Ce + Se = (1 + SE)1/2 (42)



2.2 Incident and Reflected Beams Relationship

Figure 4 shows the relationship between mirror normal, incident and reflected beams. Note
that according to Snell’s Law, the incident and reflected beams are geometrically maintained
in a plane perpendicular to the mirror surface such that the incident and reflected beams
have equal angles relative to the mirror normal. In this case, the relationship between the
reflected beam, incident beam, and mirror normal is given by the Householder
transformation:

R=1-2@{ D (5.1)
Where #j is given by Eq. (4.1) and { is a unit vector along the Xjrr axis. This leads to:
. —Xe 1 1-—X2 Sk
= vz —SnYel,I= [0 :|5 R=[-5XcYe| = _SNCE] (5.2)
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Fig. 4 Relations between Mirror Normal, Incident and Reflected Beams

2.3 Off-Center Detector Image Reflection

The off-center detector image reflection can be determined using Eq. (5.1) with the incident
unit vector I changed to represent a point off the center C; of the FPM, image in Fig. 1.
Figure 5 shows the case when the point P;is at (Yurr, Zurr) = (b,—a) position.
In this case, the (Yurs, Zurs) components of the incident unit vector 1 are (-b, a) and

f=[c —b a]T,c=+1-a%-b2 (6)
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Fig. 5 Mirror Reflection Effect on FPM Image Rotation

Now substituting Egs. (4.1), (4.2), and (6) in Eq. (5.1), we get R components along
(Xurr, Yurr, Zirr) axes:

Rx Sg ACg SEvre
R= Ry|= C[_SNCE + | ASySg — BCy ] = | ~SNireCErge 7.1
’RZ CnCg —ACySg — BSy Crpre CELgrp
Where,
Sin_l(CSE + ACE)
l]::ILRF] = | ap—1 (CSNCE-ASNSE+BON, | = I]::I”RF] with no misalignments (7.2)
LRF an (—CCNCE_ACNSE_BSN) IIRF
A= aCy+bSy, B=bCy—aSy (7.3)
(Xvcre, YirE, Zirr) = (Xure, Y1re, ZiRrr) (7.4)

In view of Fig. 5, (A, B) represent the (a, b) components rotated about the FPM center
(Sk, — Sx Ck) by the NS pointing angle N. Also, the point Pr deviation (ARx, ARy) from the
reflected FPMR center can be obtained from Eq. (7.1) as follows:

ARy SErre ] Sg ] [ Se ] [ ACg ]
5 |= - =(c—-1 + 8
[ARY] _SNLRFCELRF —SnCe ( ) —SnCg ASNSE — BCy ®)

where, (Eirp, Nirr) = (Enre Nurp) are the detector (East, North) pointing angles to the
point P and (E, N) are the Instrument LOS (East, North) scan angles [i.e., = (2e, n), where
(e, n) are the corresponding gimbal angles]. Note that (Sg, — Sy Cg) are the components of
the reflection of FPM center C; on the (Xurr, Yurr) plane and is defined as the FPM LOS as
shown in Fig. 2.



Now, the deviation in the Pr pointing angles (E;gg, Ny gp) from the FPM LOS pointing
angle (E, N) can be obtained by substituting (E;gg, Ny rr) = (E,N) + (AE, AN) in Eq. (8).
Using Cy+ ax= Cx— Ax Sy, and Sy + ax= Sx + Ax Cy and ignoring the higher order terms in
(AE, AN, a, b), we get:

[Aﬁx] _ [ AE Cg ] - [ ACg ] o.1)

(AE, AN) = (A, B/Cg) and (Egp, Nuge) = (E, N)+(A, B/C)  (9.2)

It is important to point out that the nonlinear terms are ignored in Eq. (9.1) because the
purpose of this paper is to determine the misalignment effects which is assumed to be <
1000 prad. In this case, assuming an FPM (D1, D2) = (2°,1°) leads to:

laj < D1/2=1° =0.0175rad = a?=0.00031 rad (10.1)
|b] < D2/2 =0.5°=0.0087 rad = b*=0.00007 rad (10.2)

and when the above (a, b) values are multiplied by a misalignment m = 1000 prad, we get:
mx |a| = 17.5 prad = m x a?= 0.31 prad, m x |b| = 8.7 prad = m x b?>= 0.07 prad

Therefore, the linear effect is small but significant and the nonlinear contribution are
negligible. Note that, in view of Fig. 5 and Eq. (9.2), the mirror reflects a P; detector south
in the FPM to a P point north on Earth, rotates the FPM image by the NS pointing angle N
and scales its AN deviation by a factor of Cg in the Yyrr direction. Note also that Tapered
Elevation Scan (TES) along X direction in Fig. 5 was used in MTSAT-1R to avoid coverage
gaps due to FPM reflected image rotation (see Figs. 6 and 7 in Ref. [5]).

3 Single Mirror Optical Path with Misalignments

Even though the best possible alignment techniques and procedures are used, slight
misalignment would still exist due to manufacturing tolerances and on-orbit thermal
variation within the Instrument optical elements shown in Fig. 1. The following two
subsections determine the effect of FPM misalignments relative to scanner assembly and
orthogonality misalignments within scanner assembly on optical path as follows:
e FPM center and axes misalignment relative to the scanner assembly represented in
Sect. 3.1 by small shift (mg, mp) and small rotation mg relative to (Xure, Yiure, Zirr)-

e  Mirror normal orthogonality misalignment relative to the inner gimbal axis represented
in Sect. 3.2 by small rotations (myi, my2, my3) about (Xire, Y1ure, ZIiRr).

e Inner gimbal axis orthogonality misalignment relative to the outer gimbal axis
represented in Sect. 3.2 by small rotations (mei, me2, Me3) about (Xirr, Yirr, Zirr).
Note that the outer gimbal axis orthogonality misalignment does not need to be analyzed.
This is because an outer gimbal axis orthogonality misalignment effect is equivalent to an
inner gimbal axis orthogonality misalignment plus (roll, pitch yaw) attitude correction
(beorr Ocorrs Weorr). Note also that because the above three groups of misalignments are



small and independent of each other, their effect on pointing can be obtained separately
based on the linear systems superposition principle and their cumulative effect is then
obtained by adding their separate effects. This is done in Sect. 4.

3.1 FPM Misalignments to Scanner Assembly

Figure 6 shows the effect of FPM; misalignment relative to its nominal position shown in
Fig. 5. Note that the cumulative effect of various optical elements misalignments can be
represented by a shift of the FPM; center C; by (mg, mp) relative to the nominal position
and a rotation angle m¢ about the Xyrr axis as shown on the left side of Fig. 6. The
misalignment effect on the reflected FPMR can be obtained following similar steps to that
used in the derivation of Eqs. (6) to (9) with the components (a, b) adjusted to
include the misalignment effects shown in Fig. 6. Keeping only linear terms in (mg, mp,
myg) leads to:

a’=mp+taCus+bSus=mpy+a+bmg (11.1)

b'=mp+bCns—aSws=mp+b—amg (11.2)

Y'[IRF

Fig. 6 Instrument Misalignments Effect on the Incident and Reflected FPM
Substituting Egs. (11.1) and (11.2) in Eq. (7.3), we get:
A'=a’ CN+b’ SN :A+mﬂCN+m12 SN +B1’1’1f5 (121)
Blzbl CN—a’ SN=B+mf2CN— mﬂSN —Amﬂ (122)

Note that Egs. (12.1) and (12.2) represent the (Xirr, Yurr) components of the point Pr
relative to the FPM LOS. These can be visualized using the right side of Figs. 5 and 6 which
are simply a rotation of the figure on the left side by the angle N about a line perpendicular
to FPM plane. Substituting Egs. (12.1) and (12.2) in Eq. (9.2), we get:

AE=A =A— AE,;, ANCg = B' = B — AN,(C; (13.1)
AEps = —mg Cy — mpSy — Bmg, ANpe Cg = —mg, Cy + mp Sy + Amg (13.2)



3.2 Scanner Assembly Orthogonality Misalignments

Manufacturing tolerances and thermal distortion within the scanner assembly could lead to
a mirror normal that is not orthogonal to the scanner inner gimbal axis (assumed to be
orthogonal in Fig. 3). This can be represented by small (my;, my,, my3) rotations of the unit
vector fj, of Eq. (1) about the (Xurr, Yurr, Zurr) axes. In this case, the perturbed unit
vector fj can be obtained using the transformation Cp,,, given by Eqgs. (12-22) to
(12-24a) in Ref. [8]

1 m,; —m

n3 n2
ﬁ;) = Cmnﬁo P Cmn = [Ty 1 My, (14)
mp, —my; 1

Note that (my;, mn2, mn3) expected to be < 1000 urad, 3-c, linear approximations Sino. =
o and Cos o =1 used to obtain Eq. (14) would lead to errors < 1.7 x10* urad for Sinc., and
< 0.5 prad for Cos o which are negligible. Substituting Eq. (1) in Eq. (14), we get:

iy = %[—(1 +my,) i myg Fmyg i1 —my,] (15)

Similarly, manufacturing tolerances and thermal distortion within the scanner assembly
could lead to an inner gimbal axis that is not orthogonal to the outer gimbal axis (assumed
to be orthogonal in Fig. 3). This can be represented by small (me;, me2, me3) rotations of the
unit vector G, of Eq. (3.2) about the (Xurr, Yure, Zirr) axes. In this case, the perturbed unit
vector G, along the misaligned inner gimbal axis can be obtained from G, using the
transformation Cp,, given by Egs. (12-22) to (12-24a) in Ref. [§]

~ ~ 0 1 Me3 —Mep] Me3
Ge = CeGe = Ce |1, Cme = |—Me3 1 Mgy |, Ge = 1 (16)
0 Mgy — Mgy 1 ey

Substituting Egs. (15) and (16) in Eq. (3.1) and ignoring nonlinear misalignment terms,
we get:

L [—Xe + My
fle = fioCe + Ge(Geo o) (1 = Co) + (Ge® fip) Se = 5l M (a7
Where Xcand Y.are given by Eq. (4.2), and
M, = _ngYe M, = my; + My3 — Mgy — Me3 +mg Y, + mg3X,, M3 = _ngXe (18)
Substituting Eq. (17) in Eq. (2), we get:
—Xe + My
fi= % —Y,S, + M,C, — M;S, (19)
Y.Ch + M,S, + M3C,
Substituting Egs. (6) and (19) in Eq. (5.1) and using Egs. (7.1) and (7.3), we get:
2(fiel) = V2[(—Xe + My)c + (Yo + M3)A — M,B] (20.1)
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[EX]=[ o e ]+[AEX]=[ g e ] (20.2)
Ry " ONLRF “ELRF ARy " ONnRF “ElRF

[A’Rx 2M; X, + (M3X, — M;Y,)A — M,X.B

x| = 20.3
ARY] [Xe(MZCn — Ms3S,) + YoS,M; — AY.(M,C, — 2M5S,) — BYeMZSn] (20.3)

Using REDUCE algebraic manipulation program [9] for substituting Egs. (4.2) and (18)
in Eq. (20.3), separating the terms containing AS« and BSu as modelling errors, and
ignoring AS2 and BS2 terms lead to:

ARy = —2m,;Cg — (my; + m,3)B + ARy, (21.1)
ARy = —2m,;SySg + (my; + my3 — me;—me; ) (1 — Sp)/2Cy
+me; CgCy + Me3 (1 — Sg)Cy — (my; +my3)A+ARy, (21.2)
ARy.= 2m,;ASg — my,BSg (21.3)
ARy, = —(my; + my; + my3)ASg — 2m,,ASy — (my; + my;)BSy (21.4)
Where,
my; = —0.5(my; + myz — mg; +me;z) (21.5)

Note that the terms ASa and BS« when multiplied by 1000 prad misalignment are very
small and, therefore, are considered as modelling error. If they are found to be significant
they can then be added as described in Sect. 4. Note also that (1-Sg )"*~ (1.5 — Sg+ 0.5 Cg)/2.
This leads to:

ARy = —2m, ;S Sk + (my, + my; Sg + my, Cg)Cy — (my; +my3)A+ARy, (22.1)
Where,
My, = 0.75(my; + my3 — meyg) + 0.25 me; (22.2)
My, = O.25(m111 + my3 + 3mg; — me3) (22.3)

NOW, Substituting (EIIRF’ NIIRF) = (ELRF’ NLRF) - (AEmO' ANmo) in Eq. (20.2), Where,
(AEmo , ANmo) denote the combined mirror normal and inner gimbal orthogonality
misalignments effects on LOS pointing, and ignoring nonlinear terms, we get:

— AEmo CELRF ] — A’Rx (23 1)
ANp, CNLRFCELRF — AEn, SNLRF SELRF AﬁY .
AR
AEnm, = - X = 2my; + (my;+my3)B — AE e (23.2)
LRF
AR C
ANpmo Cg = o —"— F AEmo Ty Ty Ce
NLRF “ELRF
= (my, + my; Sg + my, Cg) — (my;+m3)A — AN e (23.3)
Where
AE e = ARye — 2my5(Cg/Cgp o — 1) (23.4)
AN pe = —ARye — (mnl + mn3)(CNCE/CELRFCNLRp -1
_Zng(TNLRFTELRF - SNSE) (23.5)

10



4 Combined Attitude and Misalignment Effect

The combined effect of attitude correction and misalignment can be written as:
Eace = ELrr — AEcorr — AEm, Nacr = Nirp — ANgorr — AN, 24)

(Eacr, Nacp) = detector pointing angles in ACF defined in Sect. 1.1.
(AE o1, AN(opr) = detector pointing correction due to the small attitude correction angles
(dPcorrs Ocorr» Weorr) defined in Sect. 1.1 and obtained from Egs. (27) and (29) of Ref. [1]

AEcor = ecorrCNLRF + LpcorrSNLRp (25.1)
ANcorr = q)corr + (ecorrSNLRF - lI—'corrCNLRF)TELRF (25~2)

(AE,, AN, = Instrument misalignments from Egs. (13.2), (23.2) and (23.3)
AE,, = AE s+ AE,

= —mg Cy — mgSy — (mf3_mn1_m1‘|3)B + 2rn1‘|2 — AE e (26.1)
AN, Cg = (ANp¢ + ANp, )Cg = —mg, Cy + mg; Sy
+ (mg—my;—mp3)A + (myg + my; Sg + my, Cg) — ANpyoe (26.2)

Substituting Egs. (25.1) to (26.2) in Eq. (24) leads to the combined attitude correction
and misalignment equations:

Eacr = ELre—(OcorrCnyge T WeorrSnpge) T M Cn + Mg, Sy

+(mg—my;—my3)B — 2my; + AEyqe (27.1)
Nacr = Nirr — @corr — (ecnrrSNLRF - qjcnrrCNLRF)TELRF + mg, Cy/Cg — mg Sy /Cg
—(mgz—my;—my3)A — (mye/Cg + my; Tg + my; ) + ANy (27.2)

Rearranging terms in Eqgs. (27.1) and (27.2) using Egs. (22.2), (22.3), (23.4) and (23.5)
with (Errr, Nirr) = (E, N)+(A, B), Cx+ ax= Cx— AX Sy, and Sy + ax= Sx + Ax lead to:

Cge = Cn = BS, Ciype = Cs — ASg, Snype = SN + B, Sg e = Sg + A,

Snue TeLre = SNTr + BSg + ASy, T, e Tey e = SnSt + BSk + ASy (27.3)
EACF = ELRF_[(ecorr —mg + Zng)CNLRF + lI»JcorrSNLRF] + mfZSN
+(mg—my; —my3)B — 2my,(1 — Cy) + AEpee + AE g (27.4)

NACF = NLRF - (q)corr —mg + myq + mn3)
_[(eCOI‘I‘ — Mg + ZmT]Z)SNLRF - lI’JCOI‘I‘CNLRF)TELRF - mfz(l - CN/CE)
—mg Sy/Cg — (mfa_mm_mns)A —myy(1 = Cg)/Cg

—my,; Tg — (mgy — 2my;)SNTg + ANpoe + ANpge (27.5)
Where,
AE e = —My;BSg , ANpoe = my; ASg — 2m,,BSg (28.1)
AE e = —(mgy — 2my;) (Cnppe — Cn) = (Mg — 2my5)BSy (28.2)

ANpge = — (mgy — 2my;) (Sny e Tepre — SnTE) = —(mpy — 2my,)(BSg + ASy)  (28.3)

11



Redefining the attitude correction angles and the misalignment parameters in Eq. (24) to
match Egs. (27.4) and (27.5), we get

Eacr = ELrr — AE¢orr — AEp , Nacr = Npgp — ANgorr — AN, (29.1)
AEgorr = (Bcorr — Mgy + Zng)CNLRp + lI’JCOI‘l"SNLRF = (efsorrCNLRF + Lp,corrSNLRp) (29.2)
ANéorr = (d)corr — Mg, + My + mn3)

+[(ecorr myg + Zng)SNLRF - LpcorrCNLRF]TELRF (29~3)
= q)corr + (ecorrSNLRp - lI»J,corrCN]_‘RI.:)TEI_‘RI.: (294)
Where,
eorr beorr mg; — Mys3
e::nrr [ corr] [ me — Zm ] (29~5)
Lp::orr Yeorr

Redefining the misalignment parameters in Eq. (29.1) to match Eqs. (27.4) and (27.5) and
using Egs. (21.5), (22.2), (23.4), (28.1), and (28.2) lead to:
AEf, = —mgSy + Zmnz(l - CN) - (mf3_mn1_mn3)B — AE .

= —bmSy + Omz(1 - CN) + ¥, B — AE,. (30.1)
ANy, = mp(1 = Cy/Cg) + mg Sy/Cg + (mez—my; —my3)A

+my, (1 —Cg)/Cg + my; Tg + (mgy — Zng)SNTE — ANpe

= ¢m(1 — Cx/Cg) + 6,Sn(1 + Sg)/Cg + O Tg

+0m1(1 = Ce)/Cg — OmzSnTe — WmA — ANppe (30.2)
This leads to:
bm Roll iz
[ Om ] Pitch f
| Om | _ | Orthogonality _ =0.5(my; + my3 — me; + meg) (30.3)
Omt| | Orthogonality 1 | ~10.75(my; + myz —mg;) + 0.25 mes :
Om2 Il OrthogonalityZJI 2m,,
Uy Yaw Misalignment —mg + Mmyq + my3
AE e = AE e + AEfe = =0 BSg + (8, — Opm2)BSy (30.4)
AN = ANpoe + ANpre = O ASg — 8,,BSg — (8, — Op2)ASy (30.5)
Therefore, the improved misalignment equations are given by:
EIIRF] [ELRF] [AE' ] [ELRF] AE e
— h, SV, + 31.1
Nure] ~ [Nige Nigel = PmSVm ¥ AN, GLD
: 0 i 1-Cy i B
b = [1 -y z—“(1 + sE) T (1 —Cp)/Cg i —TeSy ! —A] G1.2)
E E
= [q)m Om Om Omi On l-pm]T (31.3)

Note that Egs. (29.1) to (31.3) are useful for verifying the accuracy of the misalignment
model used in Kalman Filter [1] by comparing (Eacg, Nacr) of Eq. (29.1) with the values
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obtained from NASTRAN thermoelastic (also called thermal distortion) analysis. The 9
states in Egs. (29.5) and (30.3), however, are determined by the Kalman Filter [1] without
need to know their relationship to the primitive misalignment angles.

It should be mentioned that the yaw misalignment state ,, determination requires star
and/or landmark measurements to be located at maximum separation from the FPM center.
This is because the measurement residuals are not sensitive to y,,for measurements at the
FPM center (i.e., A=B=0). If this complicates INR operation, a special on orbit test (or
inspection of level 1B swath to swath imagery data) can determine i, bias (i.e., constant
term). The use of this bias in Eq. (31.3) would at least reduce (but not eliminate) , effect
on INR performance. The special test consists of sighting a star (or a landmark) 3 times. The
first time t; determines the location of the star (or landmark) within the FPM, second time t»
makes the star (or landmark) located near the extreme south of the FPM, and third time t;
makes the star (or landmark) located near the extreme north of FPM. The { bias is then
computed from Y, = (E5 — E;)/(N3 — N,), where (E,, E3) are the second and third star
(or landmark) EW locations and (N,, N3) are the corresponding NS locations. Note that the
third measurement must be rectified to the time of the second measurement. This
rectification is performed using spacecraft attitude telemetry and orbit knowledge to subtract
spacecraft attitude and orbit effects on star (or landmark) motion relative to spacecraft
between t; to t3.

Note also that if some of (AE e, AN o) modeling error terms in Egs. (30.4) and (30.5) are
determined to be significant to meet INR requirements, h,;, of Eq. (31.2) can simply be
redefined to include these significant terms.

5 INR Improvement for Single Mirror Instruments

The use of Eq. (31.3) instead of the classical SV, = [p, 01,]Tin GOES I-M and MTSAT-
IR type instruments is expected to improve INR performance. This is described in
the following two subsections.

5.1 GOES I-M Type Instruments

The yaw misalignment s, has insignificant effect because the visible array dimension is 1
km x 8 km and the IR array dimension is 4 km x 8 km (see pages 28 and 29 of Ref. [4]).
Therefore, using Egs. (31.2) and (31.3) with (A, B) = (56, 112) prad, a misalignment yaw
Y, =1000 prad produces (EW, NS) errors = (AE, AN) = (0.112,0.056) urad which are
insignificant. On the other hand, the orthogonality O, due to thermal variation and/or bias
of 500 prad produces large NS star measurement residual error = Oy, Tan E = 100 prad (=
20% of Op) at E = 11° and NS landmark measurement residual error = O, Tan E = 75 prad
at E = 8.7° . This error has small effect on frame-to-frame registration but has significant
effect (=150 prad = 30% of On) on within frame registration. The secondary orthogonality
misalignments (O,,, Op,,) thermal variation and/or bias of 500 prad produces smaller EW
and NS errors because their effects on INR performance is multiplied by (1-Cg) and (1-Cx).
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This suggests that Kalman Filter INR software design should be based on deleting Y,
Opiand/or Oy, if proven to be insignificant by analysis and/or during In Orbit Test (I0T).

5.2 MTSAT-IR Type Instruments

MTSAT-1R FPM dimension is about 26 km x 336 km (see Fig. 5 of Ref. [5]). Therefore,
Therefore, using Eqgs. (31.2) and (31.3) with (A, B) = (364, 4704) prad and y,;, = 1000 purad
produces (AE, AN) =~ (4.7, 0.4) prad errors. The orthogonality and the secondary
orthogonality angles (Op,, Op1, Om2) produce the same errors described in Sect. 5.1.

During MTSAT-1R IOT, large residual errors between the actual INR measurements and
their predicted values led to unsatisfactory imagery products. Many hypotheses were
advanced to explain these errors during rigorous, extensive testing and analysis of the daily
landmark residual plots led by Mr. Seiichiro Kigawa of Japan Meteorological Agency (JMA).
This analysis concluded the existence of systematic errors, but none led to effective
correction. To minimize cost and schedule delays of a protracted investigation, ParSEC
method was developed and later patented [6] that could remove these systematic errors
without the need to know their origin. In this new method, the various residual errors are
modeled in terms of a power series whose coefficients are determined by a least squares
algorithm to minimize the landmark residuals. The ParSEC algorithm [6, 7] corrects the
detected scan angles (E, N) from a distorted raw image into a non-distorted (E’, N') space as

(E',N') = (E,N) — (AE, AN) (32.1)
AE = Ay + A;E+A,N + A4EN + A,E? + A N2 (32.2)
AN = By + B;E+B,N + BsEN + B,E? + B;N?2 (32.3)

(E, N) = Instrument scan angles from raw image

(AE, AN)= ParSEC correction angles

(E’, N") = ParSEC) corrected scan angles

(A, Bi) = (AE, AN) power series i ParSEC coefficient

The navigation solution residuals after implementation of this method [6] were typically
about 14 prad for stars (~1 raw visible star sense pixel), 20 prad for visible landmarks (~2/3
visible image pixel), and 40 rad for IR landmarks (~1/3 IR image pixels), which were
consistent with expected INR performance.

Note that some of the terms in Egs. (32.2) and (32.3) are covered by the improved
misalignment Egs. (31.1) to (31.3) (using cos x = 1- x%/2, sin x = x) and were not covered by
the first two columns of Eq. (31.2) that was available at MTSAT-1R time. Most likely, these
were the unknown source of the systematic errors. In this case, the improved misalignment
Egs. (31.1) to (31.3) could eliminate future need for the ParSEC algorithm [10].
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6 Two Mirror Instruments Nominal Optical Path

The simplified Fig. 7 shows the relation of the reflected R, and R,, optical path to the
incident I optical path that emanates from the center C; of the FPM Image (FPM)) at the
telescope port near the EW scan mirror.

Y irr NS Scan

NS Scan
Mirror Gimbal EW Scan

n=N/2 Mirror Gimbal
’ e=-E/2

xIIRF
ZIIRF -

ias

X1rr E ﬁ
[} % e‘
I ’In
EW= East-West '
NS= North-South =
LOS'R i e

D2

EW Scan Mirror

\
B TR

'
'
ZIIRF v

Fig. 7 Relation of Reflected Optical Path to Incident Optical Path

6.1 Instrument Gimbal Angles

In Fig. 7, (e, n) are rotations about (Zrr, Xurr) axes, the incident unit vector I is nominally
along the — Xjrr axis, and the FPM; is nominally in the (Yurr, Zurr) plane. In this
case, when the scan mirrors are at their home (or nadir) position (i.e., € = n = 0), the reflected
unit vector R, is along the Yirr. The reflected unit vector R, represents the instrument LOS
and is along the Znrr axis. The reflected FPMg is in the (Xnrr, Ynrr) plane. The unit vector
fie 1s normal to the EW mirror and is in the (Xurr, Yurr) plane. The unit vector fj,, is normal
to the NS mirror and is in the (Yurr, Zirr) plane. The angle e is the mechanical EW shaft
rotation angle about the Zyrr axis such that positive e moves LOS to the west. The angle n
is the mechanical NS shaft rotation angle about the Xyrr axis such that positive n moves
LOS to the north.

The relation of the EW optical angle E to the mechanical EW shaft angleeis E=—2¢
based on Snell’s law, where E is positive East. Similarly, the relation of the NS optical angle
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N to the mechanical shaft angle n is N = 2 n, where N is positive north. Also, the reflected
EW and NS vectors are given by the Householder transformation:

ﬁe = i - Z(ﬁe ° ’I\)ﬁe’ ﬁn = ﬁe - z(ﬁn ° 1’ie)ﬁn (33)

To compute the ray vector from the FPM; to FPMr in Fig. 7, the normal to the scan mirror
surface must be known. The mirror normal fj, (renamed fj¢y) has equal Xirr and Yurr
components and a zero Znrr component. This leads to:

1 1 Cc —-S. 0 Y,
i= H q —1[1]13—[5 C o]n =—|x (34.1)
- = » Tleo — 5 slle — e e e0 — e .
0 1 0 0 1 1
Xe =Ce+Se=(1—-5Sg)"% Y, =Co—Se = (1+Sg)"/? (34.2)
5 _ [rv2 T_ T
Re=[(Y*-1 XY, 0] =[Sy ¢z 0] (34.3)

Similarly, the mirror normal 1), has equal — Yyrr and Zjrr components and a zero Xyrr
component. This leads to:

iy = =S fine = = | Ya (35.1)

S» G 71X,
X, =(1- sN)1/2 Y, = C, + S, = (1+Sy)? (35.2)
R, = [sE - CE(Yi -1) cEann] =[S — SyC CyCelT (35.3)

Eq. (35.3) is the same as Eq. (5.2) for single mirror and can be visualized in Fig. 2.

6.2  Off-Center Detector Image Reflection

The off-center detector image reflection can be determined using Egs. (33) to (35.3) with
the incident unit vector I in Fig. 7 changed to represent a point off the center C; of the FPM;
image. The left side of Fig. 8 shows the case when the point Py is at (Ynrr, Znrr) = (a, b). In
this case, the (Yirr, Znrr) components of the incident unit vector [ are (— a, — b) and is

rewritten as:
f=[-c :=b : —a]l,c=+v1—a?—Db? (36)
Now substituting 1 of Eq. (36), fje of Eq. (34.1), and j,, of Eq. (35.1) in Eq. (33), we get:

Rnx Sg ELRF
ﬁn = ﬁnY =c [_SNCE aSNSE - bCN ] SNLRFCELRF (37)
_’R\ CNCE —aCNSE - bSN CNLRFCELRF
This leads to:
Eppp] Sin~1(cSg + aCg) R
Ny el = Tan_l(cchE—astE+ch) NHRF] with no misalignments (38.1)
cCNCg—aCNSg—-bSN
(Xtrr, Yire, Zirr)= (Xurr, Y1re, Zirr) With no misalignments (38.2)
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In view of Eq. (37) and Fig. 8, the FPM center (0,0) is reflected at the point (Sg, — Sx Ck)
in the FOR. Also, the point Pr deviation (ARnx, ARyy) from the reflected FPM
center can be obtained from Equation (37) as follows:

ARk SEirp ] Sg ] [ Sg ] [ aCg ]
.- - =(c-1 + 39
[ARnY] _SNLRFCELRF —SnCe ( ) —SnCg aSySg — bCy (39)
Where, (Errr, Nirr) are the detector LOS EW and NS angles to the point Pr and (E, N) are

the Instrument LOS EW and NS scan angles [i.e., = 2(—e, n), where (e, n) are the EW and
NS shaft angles].

FPM, FPMy
D1 D1
a P
Y=Y e
ol e G5(0.0) - lb
bl | Xg = Xurr
P, 2
Zy= Ty Yr=Yire

Cg=(Sin E,— Sin N Cos E)
= Instrument LOS Components
in FOR

Fig. 8 Two-Mirror Design Avoids Detector Rotation About FPM Center

Now, the deviation in the Pr pointing angles (E;gg, Ny gp) from the FPM LOS pointing
angle (E, N) can be obtained by substituting (E;gp, Ny gp) = (E,N) + (AE, AN) in
Eq. (39). Ignoring the higher order terms in (AE, AN), we get:

ARy _[ AE Cg ]_[ aCg ] 0.1
ARy| ~ |=ANC\Cg + AESySg]| ~ [aSySg — bCy (40.1)
(AE, AN) = (a, b/C) and (Eygp, Nigr) = (E, N)+(a, b/Cg) (40.2)

Note that the b component is divided by Cg to convert it to AN like Eq. (9.2) for single
mirror. Note also that, in view of Fig. 8 and Eq. (40.2), the two mirrors eliminate the FPM
image rotation shown in Fig. 5 and Eq. (9.2). Therefore, future hardware improvements can
lead to meeting INR requirements without need for ground resampling. This can be achieved
by instrument yaw misalignment ({/,;,) minimized prior to launch, instrument operation with
on-board autonomous image navigation, accurate Image Motion Compensation (IMC)
computation [1], sample and hold of pixel data, and spacecraft operation with x-axis parallel
to earth equator and yaw attitude minimized by the control system. Note also that the
instrument and spacecraft yaw angles are further attenuated by (b, a) to get its effect on INR
(EW, NS) errors when the IMC is on.
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7 Two Mirror Optical Path with Misalignments

The misalignments in Fig. 7 can be summarized as it was done in section 3 as follows:

e FPM center and axes misalignments relative to the EW scan mirror represented by
small offsets (mg, mp) along the (Yurr, Zirr) axes and a small rotation mg about
the Xprr axis.

e EW scan mirror normal orthogonality misalignment relative to the IIRF frame
represented by small rotations (mnei, Mne2, Mne3) about the (Xirr, YR, Z1RF) axes.
The mirror rotation axis orthogonality misalignment relative to the IIRF frame
represented by small rotations (mei, me2, me3) about the (Xmrr, Y1rr, Znrr) axes.

e NS scan mirror normal orthogonality misalignment relative to the IIRF frame
represented by small rotations (mun1, Mnn2, Mns3) about the (Xurr, Y1re, Z1rr) axes.
The mirror rotation axis orthogonality misalignment relative to the IIRF frame
represented by small rotations (my;, My, my3) about the (Xirr, Yurr, Znrr) axes.

Now, following similar approach as in Sects. 3 and 4 leads to:

Eacr = ELrr — AE¢orr — AER , Nacr = Npgp — ANgoprr — ANy (41)
AEgon = e,corrCNLRF + Lp,corrSNLRp (42.1)
AN(’:orr = q),corr + (e’cnrrSNLRF - lljlcorrCNLRF)TELRF (422)
d)z:orr ¢CDI'I' mfz - mnel + mneZ + Zmnnl
0Lorr Ocorr | — | M1 + Mynz + Mypz — 2Myeg (42.3)
Lp,corr chorr %(mmﬁ +mnn2 +mp; — mnz)
AE], = 0,,(1 = Cy) + Wb — AE . (43.1)
ANf, = 0 Tg 4+ Oy (1 — Cg)/ Cg — OmpTeSn — Wma — ANpe (43.2)
1
0 [_ E(mnel — Mypez — Mgz — Mgy + Myn2 + Myn3 + My, — mn3)]
m 1 3
Om1 _ myg, + Zmez - Z(mnel — Mpez — Meq) @33)
- 3 1 :
?pmz mg — 2rnr|e3 + Z (mnn2+mnn3 - mnz) + Zmn3
m

l myz + Mpeq — Myez + ;(mnn2+mnn3 +my, — mn3) J

Where (O, ,0m1, Omz, Wm) = (Orthogonality, Orthogonalityl, Orthogonality2, Yaw)
misalignments were introduced by Kamel during his INR support (2005-2008) of GOES-R
Advanced Baseline Imager (ABI) implementation phase at ITT. This leads to:

EIIRF] [ELRF] [AE;n:I [ELRF] [AEme
= - | = — h, SV, + 44.1
Nire Ny gr ANy, Nirr m=fm T AN, o (44.1)

N _[ 0: 0 t1—Cy!
m T Ty 1 (1—Cg)/Cg i —TgSy :

The misalignment (AE ., AE ) modeling errors are given by:

Y] SV =100 Oy Oy W™ 442)
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AEme = Mg;aSEg + MebSg+ MesbSy (451)

ANme = MN()SESN(I-O.SSN) + MN1aSE + MNzaSN+ MNngE + MN4bSN (452)
Where,

ME1: 2mne3 - (mnnz +mnn3), ME2: O.S(mne1 = Mne2— Mey — mez) (453)
Mges=mg —2mnez +0.5(Mnn2 + Myp3— My + mMp3) (45.4)
MN(): 0.25(mnn2 + Mnp3— Mp2 — mn3), MN1: O.S(mne1 - mnez-l' Mej + mez) -2 Mnn1 (455)
Mno=4 mnez—myg+0.5 (M2 —mp3) —1.5(Mnn2 + Myn3) (45.6)
Mn3= 2 Mpes—Mmygy — (Minnz + Migs), Mag= Mg +Mnez —2Mny (45.7)

Note that Eqgs. (41) to (44.2) are like Egs. (29.1) to (31.3). Note also that the misalignment
state vector SVy,, dimension = 6 for single mirror instruments and = 4 for two mirror
instruments. The additional two states for single mirror are caused by (mg, mp) and FPM
reflected image rotation by the NS angle N as shown by Egs. (12.1) and (12.2) and Fig. 6.

Finally, (AE e, ANpe) of Egs. (45.1) and (45.2) are assumed to have insignificant effect
on INR performance. If prelaunch analysis shows that they are significant, Mo can be added
as an INR misalignment state in Eq. (44.2) to be determined by Kalman filter and the
rest of the coefficients can be determined using ParSEC method [6, 7].

8 Conclusion

Misalignment equations improvement for single mirror and two mirror instruments are
shown to significantly improve INR performance. For example, (image navigation, within
frame registration) improvement can be as large as (0.2 Oy , 0.3 O), where, Oy, is scan
mirror axes orthogonality misalignment due to thermal variation and measurement errors.

Appendix A: General Rotation About Misaligned Axis

Figure A shows how an arbitrary vector A rotates about a misaligned axis G, to a vector B
after a rotation by an angle e. Note that the vector A rotates such that it traces a cone about
the G, axis and therefore, the vectors A and B would have the same length. Note also that
point A traces a circle about the point G and, therefore, the points A, B, and G lie in a plane
perpendicular to the vector G,. In this case, the vectors a and b also have the same length
and both are perpendicular to the vector G.. In view of Fig. A, we get:

Geoeb=0,G.e3=0,3eb =a%Cose =b2Cose (A1)
(Ge®A)eb = a2Sine = bSine, b = {(F b)d + [(Gc® 3)e b](G.® 3)}/b> (A2)
Where, G, is a unit vector along the vector Ee. This leads to:
b=3Cose+ (G.®3)Sine, G = Ge(Ge®A), a=A— G, b=B— G, (A3)
B=ACose+ ﬁe(ﬁeo K)(l — Cose) + (@e® K) Sine (A4)
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Fig. A Rotation of an Arbitrary Vector About Misaligned Gimbal Axis.
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